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Abstract
Mainstream economic theory is hardly capable to explain some of the
stylised facts that are normally observed in actual financial time series.
Rather, phenomena like volatility clustering and excess comovement of
prices have been successfully investigated in frameworks featuring heterogeneous agents and bounded rationality. Our model inherits some
of the assumptions common to the Heterogeneous Agents stream of
research, and develops an Agent-Based numerical simulation able to
study the whole transitional price dynamics of the risky security, and
the evolution of portfolio choices and wealth distribution among the
traders. Adopting this methodology, we are able to show the emergence of transient bubble-and-bust dynamics, intended as sharp decoupling of the asset price from underlying fundamentals, and to replicate
recent findings in financial literature about the asymptotic wealth dominance of the least-risk-averse trader, under quite general assumptions.
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1 Introduction
During the late 2000s financial crisis and the triggered Great Recession,
an increasing number of people, both households and officials, felt puzzled and disappointed as no economist (with negligible exceptions, notably
Roubini, 2006; Schiff and Downes, 2007) has been able to predict such catastrophe. Prevailing theoretical approach, still in use today and largely reliant
on Dynamic-Stochastic General-Equilibrium (hereafter DSGE) methodology, is then put under pressure and regarded with growing scepticism. Its
building blocks, related to the assumptions of efficient market, representative agent, and rational expectations, are progressively showing their inadequacy in explaining the economic dynamics of a day-by-day more complex
and interconnected world. As a consequence their counterparts, namely
market frictions, heterogeneity, and bounded rationality, are slowly (re-)gaining
popularity in current research. Nevertheless, in a much more subtle way,
these ideas have constituted the core of a largely neglected literature during the last couple of decades. In particular, the interaction of boundedly
rational heterogeneous agents in economics is, to a large extent, analysed
by means of two distinct but partially overlapping strands of methodology:
Heterogeneous Agent Models (hereafter HAMs), and Agent-Based Models
(hereafter ABMs). The first class, thoroughly surveyed by Hommes (2006),
uses mathematical tools to derive strict analytical investigation of the dynamical systems driving the laws of motion of the economy. These models
are indeed useful in studying the dynamics and stability properties of an
economy where agents take decisions by means of heuristics or relatively
simple rules of thumb. The second class, belonging to the broader area of
computational economics, relies on extensive computer simulation in order
to grasp the emergence of implicit phenomena arising from the interaction
among a multitude of agents. Moreover, ABMs prove crucially useful in
studying the evolution of objective variables when HAMs’ dynamical sys-
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tems become intractable or analytic solutions are unobtainable. Relevant literature, to which this paper is intended a contribution, is broadly surveyed
in Tesfatsion and Judd (2006), and specifically, regarding financial applications, by LeBaron (2006). We present a generic Walrasian asset-pricing
model, similar to that derived in Anufriev et al. (2006), and we reproduce
its relevant results in an Agent-Based computational framework. We consider a pure exchange economy with one risky assets and a riskless bond,
where heterogeneous adaptive traders take investment decisions according to forecasts of future returns, based on past market observables, with
constant relative risk averse (CRRA) and mean-variance attitude. Adopting
this methodology makes us able to relax some of the constraint imposed in
Anufriev et al. (2012), such as the assumption of procedurally rational equilibrium; this allows to account for the whole out-of-equilibrium transitional
dynamics of the system, and not just the point it asymptotically converges
to. We show such dynamics can turn out astoundingly rich, even under
quite general assumptions and reasonable parameters value.
Next Section briefly reviews the current mainstream approach to financial markets theory and lists its common assumptions; Section 3 surveys
some of the empirical stylised that actual financial time series usually exhibit; in response to such puzzling evidence, Section 4 presents a recent and
promising methodological approach; then, Section 5 sketches the model
from which we develop, in Section 6, the Agent-Based numerical setup and
discuss the associated findings; finally, Section 7 concludes and suggests
further conceivable improvements.
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2 The incumbent interpretative legacy and its
basic assumptions
As Colander et al. (2009) recognize, the last global financial crisis has revealed the need to fundamentally rethink the way financial systems work
and related research is carried out. The implicit view behind standard models is that markets and economies are inherently stable and that they get
off-track only temporarily. The majority of economists thus failed to warn
policy-makers about the threatening systemic crisis and ignored the work
of those who did. “The confinement of macroeconomics to models of stable states
that are perturbed by limited external shocks and that neglect the intrinsic recurrent boom-and-bust dynamics of our economic system is remarkable” (see again
Colander et al., 2009). After all, worldwide financial and economic crises
are hardly new and have had a tremendous impact beyond the immediate
economic consequences of mass unemployment and hyper-inflation.
Before economists faced the current crisis, there was a general consensus over the fundamental mechanisms of macroeconomics and over Dynamic Stochastic General Equilibrium models as a good representation of
the macroeconomy. These models reportedly originated in the 1970s as the
necessity for macroeconomic models to incorporate proper microeconomic
foundation came into surface, especially after the recognition of large-scale
macroeconometric forecasting models being vulnerable to the Lucas critique (Lucas Jr., 1976). DSGE models attempt to explain aggregate economic
phenomena, such as economic growth, business cycles, and the effects of
monetary and fiscal policy, on the basis of macroeconomic models derived
from microeconomic principles. Despite the shareable good intention, such
microfoundation has been basically translated into a number of highly questionable assumptions, still regarded as normal practice nowadays. The following subsections are devoted to briefly address these constructs.
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2.1 Complete markets
A complete (system of) market(s) is one in which there exists a market, and
therefore a price, for every good, the latter intended as a state-of-naturespecific concept, and shows a 2-dimensional (time and space) collocation in
the commodity space (e.g. an umbrella tomorrow if it rains is a distinct commodity with respect to an umbrella tomorrow if there is clear sky). A state
is, in turns, defined as a complete specification of the values of all relevant
variables over the entire relevant time horizon (see e.g. Flood, 1991). Financially speaking, a market is complete if and only if the number of attainable
Arrow pure securities equals (spans) the number (space) of possible statesof-nature; put differently, market completeness ensures the possibility of
arranging a portfolio with any conceivable payoff vector, allowing optimal
risk allocation among the traders (a necessary condition for the First Welfare Theorem to hold). This argument is usually put forth to justify financial
innovation and the diffusion of derivatives. However, evidence suggests financial markets are light-years away from being complete (see e.g. Buiter,
2009 and again Flood, 1991), and likely they will never be, as i) time can be
in principle infinitely divided, thus implying an infinite number of markets;
ii) any possible occurrence (e.g. any future invention or innovation) and its
timing must be evaluated and taken into account; iii) transaction cost must
be null.

2.2 Rational behaviour and rational expectations
Individual rationality is usually embedded by means of two separated assumptions (see Sargent, 1993): agents are generally believed to be both
(unboundedly) rational in taking decisions, thus bearing no difficulties in
computationally maximising an intertemporal utility (or profit) function
(so that their choice is always the most efficient), and in forming expectations about future occurrences, so that their forecasts systematically coin-
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cide with the mathematical expectation of the true model of the economy,
given the known probability distribution of all the variables involved; it follows that the expectation will always equal the actual outcome, but for an
orthogonal forecast error that is pure white noise1 . For this to be possible, the
assumption of complete and clearing markets must be satisfied, otherwise
the agent can’t make a rational forecast of future income, even in the case of
finite time span, as he needs to know the probability distribution of future
payments, in turns depending on asset prices in that period, which most
likely will depend on the next period price of this and other assets, which
will in turns depend on the prices two periods ahead, etc. Since its introduction in the sixties by Muth (1961) and its popularization in economics by Lucas Jr. (1971), the rational expectations hypothesis has become the dominating expectations formation paradigm in economics. Nevertheless, in such
a computational demanding framework, as Arthur (2006) remarks, DSGE
models are populated by agents that solve, in essence, a static optimisation
problem, while real-life dynamics that oblige agents to reconsider at each
step their decisions are absent. Strictly speaking, rational expectations provides an elegant and parsimonious way to exclude ad hoc forecasting rules
and market psychology from economic modelling.

2.3 Representative agent
Technically, an economic model is said to have a representative agent if all
agents of the same type are identical. Deirdre McCloskey claims (as Colander et al., 2009 report) “it became a rule in the conversation of some economists
because Tom and Bob said so” and turns to be widespread adopted under the
name of Robinson Crusoe economy in spite of the results coming from the
Sonnenschein-Mantel-Debreu theorem (Debreu, 1974; Mantel, 1976; Son1 For

a recent (and remarkable) discussion on the use of conditional expectations and the
distinction between intrinsic and extrinsic unpredictability refer to Hendry and Mizon
(2014)

9

nenschein, 1972), showing that the excess-demand function for an economy is not restricted by the usual regularity restrictions on individual preferences. Put simply, this basically means one cannot say anything useful
about aggregate demand functions, even when they are built upon wellbehaving and rational individuals. In this respect, DSGE modellers cavalierly neglect this result and continue to assume that aggregation can be
performed without loss of generality. Unfortunately, with that, also all macro
issues that follow from agent heterogeneity and from an unequal income
distribution are swept under the table.

2.4 Efficient markets
The Efficient Market Hypothesis (hereafter EMH), formalized by Fama
(1970), asserts that, at any point in time, asset prices are determined by
fundamental variables (such as the present value of future dividends) and
“fully reflect all available information”, i.e. correctly reveal assets’ true value,
based on both current economic conditions and the best estimate of how
those conditions will evolve in the future. This is possible only if the arrival
of new information (e.g. about the underlying fundamental variables) is
entirely unpredictable, i.e. it comes as a series of random shock with zero
mean. Under this perspective, dubbed random walk hypothesis after Bachelier
(1900), it is impossible to make above-average returns by trading in stock
markets, except through persistent luck or by obtaining inside information. The idea runs as follows: were the markets not efficient, there would
be profit opportunities that would then be exploited by rational arbitrage
traders. Rational traders would buy (sell) an underpriced (overpriced) asset, thus driving its price back to the correct, fundamental value. Allegedly,
in an efficient market, there can be no forecastable structure in asset returns,
since any such structure would be exploited by rational arbitrageurs and

10

would therefore disappear. Accordingly, three versions of the EMH are
sketched:

⋄ in its weak form, the EMH says no abnormal profit can be reaped by
analysing the information embedded into previous prices; put differently, no amount of time series analysis can generate a successful investment strategy.

⋄ in its semi-strong form, stock prices immediately adjust to absorb new
information, and no investor can benefit over and above the market by
trading on new information.

⋄ in its strong form, all information, either public and private, is accounted
for in stock prices, so that even inside information cannot give any
advantage to any investor.
Fama identifies three sufficient conditions for a market to be efficient, in
the above sense: the absence of any transaction cost in trading securities;
the costless availability of all information to any market participant; the
unanimous agreement on the implications of current information for current and future price distributions of any security. A further investigation
on the extent to which EMH related assumptions are empirically validated
is postponed to the next Section.
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3 Relevant stylized facts in financial time series
From the empirical point of view, none of the above assumptions is really
validated. Actual financial time series often exhibit challenging statistical
properties, many of which still cannot be properly explained by incumbent
theory (see Cont, 2001). The following subsections sketch a brief outline of
these findings.

3.1 Volatility clustering
Volatility displays auto-correlation over time, capturing the fact that high
volatility events tend to cluster together, resulting in persistence of the amplitudes of price changes. Mandelbrot (1963) recognizes that “large changes
tend to be followed by large changes, of either sign, and small changes tend to be followed by small changes”. While the linear auto-correlation function of price
changes tends to rapidly decay in a few minutes, especially in high-liquidity
markets (this being often cited as supporting the EMH, see Fama, 1991), it is
not enough to imply the independence of the increments; auto-correlation
is significantly present in nonlinear functions, such as the absolute value or
the square of returns (Ding et al., 1993), undermining a key assumption of
the random-walk model.

3.2 Excess volatility
The variability of asset prices is usually not justifiable by variation in related
economic fundamentals. The occurrence of large returns (in absolute value)
is unexplainable by new information coming available. Cutler et al. (1989)
remark the difficulty of explaining as much as half of the variance in stock
prices on the basis of publicly available news bearing on fundamental values; a clear example is the sharp drop in stock prices occurred on October
19th, 1987 in the complete absence of news about fundamentals. Another
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striking empirical observation has been the strong appreciation followed by
a strong depreciation of the dollar in the mid eighties, which seemed to be
unrelated to economic fundamentals (see Frankel and Froot, 1986). Moreover volatility has been showed to systematically exceed that justifiable by
fundamentals (see Shiller, 1981, 1989 and LeRoy and Porter, 1981).

3.3 Excess covariance
Classical finance models share the prediction that stock prices shall move
together only in response to common variations in fundamentals. However
this is not always the case. Pindyck and Rotemberg (1993) show that stock
returns of companies in unrelated businesses co-move significantly more
that can be explained by common variations in discount rates. On the other
hand, Froot and Dabora (1999) find that returns of siamese-twin companies,
whose cash-flows are perfectly correlated, lay far from perfectly co-moving.
Additional results show that covariance and correlation across asset returns
change over time and according to the business cycle, with average correlation being higher during bad times (see Ribeiro and Veronesi, 2002).

3.4 Heavy tails
Distribution of returns tends to show significant leptokurtosis (see Guillaume et al., 1997 and again Mandelbrot, 1963 and Ding et al., 1993), likely
displaying a power-law or Pareto-like tail (Cont, 2001). This finding is,
alone, able to cast doubts on the validity of classical portfolio theory, the
Black-Scholes-Merton option pricing model (see Black and Scholes, 1973
and Merton, 1973) or the RiskMetrics™ variance-covariance approach to
Value at Risk, all relying on normality assumption of returns.
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3.5 Financial bubbles: a neglected stylized fact
While the aforementioned phenomena have been largely investigated by
economic literature, financial bubbles are not generally included among the
financial time series stylized facts, and little effort has been put in studying
their formation. It is not necessary to go far back in the past to encounter situations in which financial markets had experienced, either locally or globally, periods of severe turmoil. The most recent episode, whose long-lasting
effects are still ongoing, reportedly originated as a subprime mortgage crisis
in the US in 2007, in turns triggered by the burst of an housing bubble that
peaked in 2005-2006. A decade before, another major distress struck the
Nasdaq composite index, dubbed the Dot-com bubble: in the period, ranging from 1997 to 2000, internet-related public companies saw their stock
prices astronomically soar, although most of them were experiencing sustained net loss. Then, roughly in March 2000, correction started, making a
number of these companies to go bankrupt, and most of survivors’ market
value to plummet as much as 90%. Quoting Stiglitz (1990), “if the reason that
the price is high today is only because investors believe that the selling price will be
high tomorrow — when ‘fundamental’ factors do not seem to justify such a price
— then a bubble exists”. Clearly, the existence of such bubbles stands quite
at odds with the EMH asserting that all the price swings continuously observable in financial markets are the mere instantaneous and unbiased adjustments towards the equilibrium, triggered by new public available information or, put differently, to changing fundamentals. With respect to the
Dot-com bubble, according to the EMH the Nasdaq was correctly priced
1,140 in March 1996, also correctly priced 5,048 in March 2000, and again
correctly priced when, in October 2002, it had returned to 1,140 (see also
Cooper, 2008). The pervasive presence of leptokurtosis then challenges the
EMH prescription about the impossibility of abnormal capital gains. To
sum up, mainstream economists believe the sources of market instability

14

have to necessarily be external to the market, and come as exogenous unpredictable shocks. Occurrences such as financial bubbles are then conveniently believed to be the exception, rather than the rule, irrespectively of
their devastating consequences. On the very opposite side, as a leading
example of a strand of literature including Kindleberger (1978) and Fisher
(1933), Minsky’s Financial Instability Hypothesis (see Minsky, 1992) argues
that in the money-manager capitalism we live in, financial markets are intrinsically fragile, and bubbles can be explained on an endogenous ground.
The astounding idea that “stability is destabilising” or, put differently, that
success breads excess that leads to crisis, captures the tendency by borrowers and lenders in periods of tranquility to become increasingly reckless
and financial innovation to advance. As opposed to the lasseiz-fair school,
Minsky suggests an extensive use of government regulation (Big Government) to prevent financial bubbles, including a strong Central Bank acting
as lender-of-last-resort (Minsky, 1986). Together with valuable attempts to
model such endogeneity in fully-fledged evolving economies (see e.g. Delli
Gatti et al., 2007; Dosi et al., 2014), it seems nonetheless worthwhile to investigate the conditions prompting an endogenous bubble-and-bust cycle
to emerge through the sheer interaction of heterogeneous traders. This constitutes the core objective of this paper.
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4 A new paradigm: heterogeneity, and bounded
rationality
In a world where all agents are rational and it is common knowledge that all
agents are rational, trade will not take place. No trader can reap any advantage from superior private information because other rational traders anticipate that he must have positive information about an asset and will therefore not sell the asset to him. Several no trade theorems have been obtained
(see e.g. Milgrom and Stokey, 1982) that are in sharp contrast with the high
daily trading volume observed in real financial markets, such as the stock
market and the foreign exchange market. This tremendous trading volume
reinforces the idea of heterogeneous expectations and that it takes differences of opinion among market participants for trade to take place. The
introduction of agent heterogeneity in economic modelling usually parallels the adoption of boundedly rational behaviour. Although the latter started
gaining popularity since 1990s, antecedents date back decades before. Simon (1957) emphasized that individuals are limited in their knowledge
about their environment and in their computing abilities, and moreover
that they face search costs to obtain sophisticated information in order to
pursue optimal decision rules. Simon argued that, because of these limitations, bounded rationality with agents using simple but reasonable or
satisfying rules of thumb for their decisions under uncertainty, is a more
accurate and more realistic description of human behaviour than perfect
rationality with fully optimal decision rules. In the 70s this view was supported by evidence from psychology laboratory experiments of Kahneman
and Tversky (1979), showing that in simple decision problems under uncertainty humans do not behave rationally, in the sense of maximizing expected utility; rather, their behaviour can be described by simple heuristics
which may lead to significant biases. In an heterogeneous framework the
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presence of a fully rational agent requires his perfect knowledge about the
beliefs of all other non-rational agents, which looks rather unrealistic, as
emphasized by Arthur (1995). A boundedly rational agent forms expectations based upon observable quantities and adapts his forecasting rule as
additional observations become available. Nevertheless, adaptive learning
may well converge to a rational expectations equilibrium. A critique usually put forth to behavioural economics and bounded rationality, as recognized by Hommes (2006), is that it leaves “many degrees of freedom”:
any such model must provide a plausible story that there is at least some
reasonable consistency between beliefs and realizations, and how agents
select from a large class of possible forecasting and trading strategies. One
fascinating theory is the evolutionary approach put forth by Nelson and Winter (1982), where agents (or firms) select from a class of simple behavioural
strategies according to their relative performance, measured e.g. by relative
profitability and how much this strategy is adopted by others.
The majority of the theoretical literature able to replicate to some extent the stylized facts sketched in Section 3 departs, to different degrees,
from the canonical EMH model and falls within two partially overlapping
classes, dubbed Heterogeneous Agents Models (hereafter HAMs) and AgentBased Models (hereafter ABMs). Under both perspectives, reviewed in the
following subsections, agents (and their behaviour) stand at the core of the
study, and population heterogeneity is a key common feature (see also Kirman, 1992; Levy and Levy, 1996).

4.1 Heterogeneous Agents Models
This class of models, thoroughly surveyed by Hommes (2006), is based
on analytical investigations of the dynamical (deterministic and stochastic) systems representing the laws of motion of the economy. Most of these
works are behavioural models with boundedly rational agents using differ-
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ent heuristics or rule of thumb strategies. Typical results are highly nonlinear, e.g. due to evolutionary switching between strategies, and exhibit
a wide range of dynamic behaviour, ranging from a unique stable steadystate to complex and chaotic motions. Early applications to the financial
markets framework aimed at studying the interaction between fundamentalist and chartist traders (see e.g. Frankel and Froot, 1986, 1987a, 1987b,
1990a, 1990b; Zeeman, 1974), the effect of limits to arbitrage, say, when
it is risky for rational arbitrageurs to correct mispricing caused by nonrational traders (e.g. because mispricing may get worse in the short run
when a majority of traders adopts a trend following strategy), and the effect of noise traders in the sense of Kyle (1985) and Black (1986), i.e. investors whose changes in asset demand are not caused by news about economic fundamentals but rather by non-fundamental considerations such as
changes in expectations or market sentiment (see e.g. DeLong et al., 1990a,
1990b; Shiller, 1984). More recent milestones in financial literature under
such approach are now briefly outlined. Brock and Hommes (1997, 1998)
introduce the concept of adaptively rational equilibrium in which agents adapt
over time by choosing rationally from a finite set of different predictors, depending on their relative past performance; applying such tool to a financial
asset pricing model, they obtain highly irregular equilibrium price convergence paths to strange, chaotic attractors when the intensity of choice to
switch prediction strategies is high, supporting the idea of local instability
and global complicated dynamics as possible features of a fully rational notion of equilibrium. Chiarella and He (2001, 2002a, 2002b) extended this
framework by allowing agents to have different risk attitudes and different expectations formation schemes for both first and second moments of
the price distribution under walrasian and market maker scenarios, finding that the introduction of heterogeneity has a double-edged effect on asset prices: on the one hand heterogeneous forecasting rules may balance
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out in the aggregate, and dynamics with learning may be locally stable;
on the other hand heterogeneity acts as a source of instability, eventually
leading to periodic or even chaotic fluctuations in asset prices. Lux (1995)
introduces a formalisation of herd behaviour through mutual mimetic contagion that yields transient bubble phenomena and repeated fluctuations
around fundamental values. Gaunesdorfer (2000) and Gaunesdorfer and
Hommes (2000) propose a nonlinear structural model with endogenous
belief heterogeneity in which, although fundamentals are proxied by an
i.i.d. process, volatility clustering arises, as asset prices switch irregularly
between a small-price-fluctuation and a large-price-fluctuation regime. Finally, Anufriev and Bottazzi (2010), Anufriev et al. (2006), and Anufriev
and Dindo (2010) introduce and exploit tools such as the equilibrium market
line and the concept of procedurally rational equilibrium to provide remarkable
results about asymptotic dominance of different trading strategies in terms
of relative performances, and subsequent wealth-driven selection. Besides
the great achievements reached through the HAM methodology, a couple
of intrinsic features are, in our opinion, rather binding. The need for analytical tractability often leads to restrictive simplifying assumptions, even
when phenomena are complex by their very nature, and preferably require
such complexity to be studied as is. Moreover, most of the results obtained
under this approach focus on the asymptotic properties of the models. On
the contrary, the methodological perspective that we propose here, takes
the full sample paths as transients of the evolving dynamics.

4.2 Complexity and Agent-Based Models
A system is typically defined to be complex if it is composed of interacting
units, and if exhibits emergent properties, that is, properties arising from the
interactions of the units that are not properties of the individual units themselves (see e.g. Flake, 1998). Agent-based Computational Economics (ACE)
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consists in the “computational study of economies modelled as evolving systems of
autonomous interacting agents” (see Tesfatsion, 2003) and originated after the
recognition that decentralized market economies are complex adaptive systems (see Arthur et al., 1997a; Kirman, 2011; Rosser Jr., 2000), i.e. consisting
of large numbers of reactive and adaptive agents involved in parallel local
interactions (see also Holland, 2006). Under the ACE perspective, the word
agent broadly refers to “bundled data and behavioural methods representing an
entity constituting part of a computationally constructed world” (see Tesfatsion,
2006). Agents can be either individuals (e.g. consumers, workers), social
groupings (e.g. families, firms), institutions (e.g., markets, regulatory systems), or other biological and physical entities (such as crops, stockpiles,
weather). Moreover, agents can be composed of other agents, thus permitting hierarchical constructions. ABMs are particularly suitable for grasping
the very emergence of otherwise unpredictable phenomena2 :
Emergence is generally understood to be a process that leads to the appearance of
structure not directly described by the defining constraints and instantaneous
forces that control a system. Over time ‘something new’ appears at scales not
directly specified by the equations of motion. An emergent feature also cannot
be explicitly represented in the initial and boundary conditions. In short, a
feature emerges when the underlying system puts some effort into its creation.
Crutchfield (1994)

Indeed, ABMs are able to capture the intricate two-way feedback between
the micro- and the macro-structure, allowing for a bottom-up, thus microfounded, development of processes, as opposed to the top-down construction of traditional quantitative economic models. The modeller starts by
computationally constructing an economic world comprising multiple interacting units and then steps back to observe the development of the system over time. From a computer science perspective, an ABM is essentially a
2 Lane

(1993) uses the term Emergent Hierarchical Organization to cover such ensemble of
phenomena, and states that Artificial Worlds (say, ABMs) are designed as an engineering
approach to the study of EHO.
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collection of algorithms (procedures) that have been encapsulated into the
methods of software entities called agents. Encapsulation, a well-defined
word in Object-Oriented Programming, captures the way information is
passed (and therefore the extent to which it is available) to every agent (say,
to every instance of the agent class). These models (for a fairly recent review refer to LeBaron, 2006), relying on extensive numerical simulation,
bear the advantage of easily coping with high-dimensional dynamical systems and are almost insensible to tractability issues, making them a very
flexible and insightful tool, especially when HAMs’ dynamical systems are
hardly solvable. As opposed to these latter, complex learning and adaptive mechanisms can be swiftly embedded in ABMs by means of genetic
algorithms (see Dawid, 1999), classifier systems (see Booker et al., 1989), or
artificial neural networks (see Beltratti et al., 1996, although they are generally considered excessively black-boxed). The remainder of this section
is devoted to a survey of the main contributions to financial literature under this approach. One of the first large-scale computational experiment of
a financial market is the still state-of-the-art Santa Fe Artificial Stock Market (see Palmer et al., 1994; Arthur et al., 1997b; LeBaron et al., 1999): it
proposes a theory of asset pricing in an artificial economy where a population of heterogeneous traders continually explore new expectational models, and confirm or discard them according to their performances, therefore endogenising individual beliefs. In this setting, two different market
regimes are possible, depending on the rate of exploration of alternative
forecast methods: for a low value of such parameter, the market settles in
a rational-expectations-like equilibrium, in accordance with the efficientmarket literature; under a more realistic rate of exploration, instead, the
market self-organizes into a complex regime in which rich psychological
behaviour emerges and materialises as technical trading strategies who
eventually lead to temporary bubbles and volatility clustering (GARCH be-
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haviour). Another masterpiece, contemporary to the Santa Fe work, is the
Levy-Levy-Solomon Microscopic Simulation Model (see Levy et al., 1994,
1995, 1996): in making their optimal diversification choice between a risky
and a riskless asset, traders employ the ex-post distribution of returns as an
estimate of the ex-ante distribution, keeping track of the last 10 historical observations. Traders are homogeneously initialised in terms of behavioural
parameters, expectations formation mechanism, and wealth distribution.
The only source of heterogeneity is a normally-distributed random shock
that is added to individual optimal investment, whose variance regulates
the ‘temperature’ of the system. Market suffers discontinuities (e.g. booms
and crashes) especially when the shock variance is low, while, somewhat
counterintuitively, cycles become milder and crashes much smaller if the
‘heater is turned on’. This model bears close similarities with the one we
propose in the next Section, although, after Zschischang and Lux (2001),
we introduce agent heterogeneity by means of behavioural parameters such
as the magnitude of risk aversion and of the memory decay factor in expectations formation. Other remarkable contributions in this field of research
include, in chronological order, Beltratti and Margarita (1992), Rieck (1994),
Marengo and Tordjman (1996), Lux and Marchesi (1999, 2001), the Genoa
Artificial Stock Market, later included in the EURACE project (see Cincotti
and Raberto, 2005; Focardi et al., 2002; Marchesi et al., 2003; Raberto et al.,
2003b), Bottazzi et al. (2005), Kirman et al. (2007) Franke and Westerhoff
(2012), Westerhoff (2009), and Westerhoff and Franke (2012a). The model
which follows, starts from a setting common to a number of HAMs and
then develops a computational ABM to investigate the whole dynamics of
the system under different parametrisations.
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5 The model
As already mentioned, our model builds upon the basis put forth by
Anufriev et al. (2012, 2006) and is developed in order to explicitly account
for the whole transitional dynamics of market variables, such as prices, returns, composition of the market-portfolio, and individual ones, such as
the evolution of traders’ wealth-shares. Heterogeneity is introduced both
in traders’ attitude towards risk, and in the way they form beliefs about
future states-of-the-world. The central purpose is to show that, by means
of marginal departures from the mainstream assumptions surveyed above,
the dynamic properties of relevant variables may dramatically change.
Consider a pure-exchange economy populated by a set of agents indexed
by N = {1, . . . , n, . . . , N }, where a set of risky long-lived securities, indexed by L = {1, . . . , ℓ, . . . , L}, and a riskless bond, are traded in discrete
time. Risky securities pay a random dividend dℓt at the end of each peℓ of the
riod. Before trade at time t starts, each agent n chooses a fraction xn,t

wealth he possesses, to be invested in security ℓ. The decision is made according to currently available information, namely past realized prices and
dividends, and coherently with a constant relative risk averse attitude. The
residual part of wealth not invested in the L risky securities, is risklessly
lent, by means of bond purchase, at a constant exogenous rate of return
r f > 0. The amount of circulating shares of the risky securities is constant,
while the supply of bond is inelastic. Individual demands are then aggregated by a Walrasian auctioneer who announces the end-of-period price
vector pt ∈ R L obtained by setting the aggregate excess-demand equal to
zero. Dividends (d1t , . . . , dtL ) and (ex-dividend) prices ( p1t , . . . , ptL ) of the
risky securities are expressed in terms of the bond’s price, the latter serving as the numéraire, conventionally normalized to 1 in every period. The
economy runs through a series of temporary equilibria (see Grandmont, 1985)
where market clearing condition is satisfied. Next Section presents the
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way traders behave and the determinants of the investment functions; Sections 5.2 and 5.3 define, accordingly, the evolution of individual and aggregate wealth, and derive asset pricing; Section 5.4 specifies the expected utility maximisation problem each trader solves, and the estimators employed
in forming expectations about future states of nature; finally, Section 5.5
defines the whole dynamical system for an economy with heterogeneous
traders.

5.1 Agent behaviour
An individual investment decision is a vector xn,t ∈ R L of fractions of
wealth the trader is willing to invest in each risky asset ℓ at time t. A restriction we impose here is that investment decision takes place before trade
starts at each round, thus agent information set In,t is restricted to include
only past information on the realization of prices and dividends:

In,t = { p1τ , . . . , pτL ; d1τ , . . . , dτL | τ < t}

∀n ∈ N , ∀t

(5.1)

At every time step, all agents costlessly acquire all the relevant information
about the time series of prices and dividends up to the last trade session
t − 1; since In,t is unbiased common knowledge we can drop the subscript
n. Current values of prices and dividends, pt and dt , being determined
during time t trade, cannot belong to It .
Investment strategy is the image of a trader-specific investment function:
f n : Rτ × L −→ R L

with τ < t

(5.2)

f n deterministically maps the information set It available at time t into a
portfolio of risky assets xn,t . In a dynamical context the individual investment fractions are, in general, changing as new information becomes available. Since the investment decision of agent n at time t is completely de-
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scribed by the vector of investment fractions xn,t , agents adopting the same
strategy can be considered, without loss of generality, as a single agent, thus
we assume there are N distinct investment functions in the economy, each
associated to a level of wealth Wn,t . According to the investment function
defined in (5.2), individual demand for a risky asset ℓ holds
ℓ
Zn,t
=

ℓ ·W
xn,t
n,t

pℓt

∀ℓ ∈ L

(5.3)

i.e. it equals the amount of wealth allocated for investment in risky asset

ℓ in monetary terms, divided by the still unknown prevailing price of the
ℓ
asset. A demand function like (5.3) along with the independence of xn,t

on both wn,t and pℓt implies a specific dependence of agent’s demand on
wealth and prices and amounts to assuming that agents have constant relative risk averse (hereafter CRRA) attitude. This assumption is common to
a number of studies in the HAMs literature (see e.g. Anufriev et al., 2012,
2006; Chiarella and He, 2001; Levy et al., 2000) while other works adopt a
Constant Absolute Risk Averse (CARA) attitude, with demand (rather than
optimal wealth fractions) not depending on current wealth (see e.g. Brock
and Hommes, 1998). Following Levy (1994), we believe CRRA specification to closer mimic the way financial decisions are taken in the real world,
where portfolios are often designed as fractions of wealth to be split across
different securities. Finally, notice that the model does not include any consumption in agent behaviour, hence it represents a pure-exchange economy
where traders decisions are reasonably driven by expectations about future
wealth.
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5.2 Agent wealth
Agent wealth at time t consists of the current market value of his portfolio:
Wn,t = An,t · pt + Bn,t

(5.4)

where An,t ∈ R L denotes the (raw) vector of the amount of risky assets held
by agent n at time t after market clearing, and Bn,t ∈ R the corresponding
holding of the bond (whose price is unitary). The inter-temporal evolution
of individual wealth thus develops according to:
(
Wn,t = Wn,t−1 ·

1−
[

L

∑

ℓ=1

)

· (1 + r f ) + Wn,t−1 ·

ℓ
xn,t
−1

L

ℓ
∑ xn,t
−1 ·

0
= Wn,t−1 · xn,t
−1 · (1 + r f ) +

(

L

∑

ℓ=1

ℓ
xn,t
−1 ·

1 + ρℓt + etℓ

)

]

pℓt + dℓt
pℓt−1

ℓ=1

(5.5)
0 = 1− L
ℓ denotes the fraction of wealth used for the bond
where xn,t
∑ℓ=1 xn,t

purchase, i.e. the complement to 1 of the risky holdings. This accounting
relation clearly shows the sources of wealth growth, namely capital gain
(i.e. the price rate of return ρℓt =
def

pℓt
pℓt−1

− 1) and the dividend yield etℓ =
def

dℓt
pℓt−1

for the share of wealth risky invested, and the riskless rate of return r f for
the share of wealth risklessly lent.
We now state a couple of definitions that will prove useful in the following subsections:

⋄ Aggregate wealth: is the sum of all individual wealth levels at a time
instant t:
def

Wt =

N

∑ Wn,t

(5.6)

n =1

⋄ Individual wealth-shares: are the ratios of each individual wealth out
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of aggregate wealth at a time instant t:
φn,t =
def

Wn,t
Wt

∀n ∈ N

(5.7)

⋄ Market portfolio: is the wealth-weighted sum of individual portfolios:
def

xt =

N

∑ xn,t · φn,t

(5.8)

n =1

5.3 Asset pricing
Starting with the aforementioned individual demand functions (5.3), we
can normalize, without loss of generality, the supply of each risky asset to
1, such that the pricing condition comes from the equilibrium relation:
N

∑ Zn,t = 1

(5.9)

n =1

where 1 = [1, . . . , 1] T ∈ R L . Solving for price yields
pℓt = Wt · xtℓ

∀ℓ ∈ L

(5.10)

where Wt is the aggregate wealth at time t and xtℓ is the ℓ-th component of
the market portfolio. In (5.10) asset prices still appear both in the LHS and
the RHS of the equation, as determinants of the level of wealth (recall eq.
5.5). It is then possible to show that:
Proposition 1. If short positions are not allowed, i.e.
ℓ
∈ (0, 1)
xn,t

∀n = 0, . . . , N, ∀ℓ = 0, . . . , L, ∀t
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(5.11)

then prevailing prices exist, are unique and strictly positive. Moreover, it holds:
Wt = Wt−1 ·
pℓt

=

pℓt−1

L
ℓ
ℓ
x0t−1 · (1 + r f ) · ∑ℓ=
1 xn,t−1 · et

xt0

L
xtℓ xt0−1 · (1 + r f ) + ∑ℓ=1 xtℓ−1 · etℓ
· ℓ ·
xt0
x t −1

(5.12)
(5.13)

Proof. See Appendix A.
Notice that condition (5.11) is only sufficient and in general can be relaxed
for individuals as long as it holds at the aggregate level, i.e. as long as xtℓ ∈

(0, 1), ∀ℓ ∈ L , ∀t. Nonetheless, for the moment, we make the following
Assumption 1. No trader can take short position in any asset, i.e. the image of
traders’ investment functions is restricted such that
f n : Rτ × L −→ (0, 1) L

(5.14)

ℓ and x0 satisfy condition (5.11), ∀ℓ ∈ L , ∀ n ∈ N , ∀ t.
that is, both xn,t
n,t

5.4 Expectations and the investment function
At every time step, every agent solves an optimisation problem of the form:
max E [U (Wt )]
xt

[
]
s.t. Wt = Wt−1 · xt0−1 · (1 + r f ) + xt−1 · (1 + ρt + et )
(5.15)

For purely notational convenience the subscript n is temporarily dropped
here. U (Wt ) represents the trader’s utility function of wealth. In compliance with CRRA attitude, its generic form reads:
1− γ

U (Wt ) =

Wt
−1
1−γ
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(5.16)

where γ > 0 denotes the individual relative risk-aversion coefficient. Since
the solution of maximisation (5.15) is independent on the current level of
wealth, we need to formally model the way agents form their expectations
over future returns. Here we make an additional assumption:
Assumption 2. The dividend yield etℓ is drown at each time step from a Ldimensional probability distribution with mean ē and covariance matrix Σ.
Coherently with Anufriev et al. (2006) and Anufriev et al. (2012), we assume
the trader forms expectations on future returns of risky assets according to
a smooth function of their Exponentially Weighted Moving Average (hereafter EWMA) estimates:
ρ̂ℓt
ℓ,h
σ̂ρ,t

= λ·
= λ·

∞

∑ (1 − λ)τ · ρℓt−τ−1

τ =0
∞

∑ (1 − λ )

τ =0

τ

·

[

(5.17)

ρℓt−τ −1

− ρ̂ℓt−τ −1

]
] [
h
h
· ρt−τ −1 − ρ̂t−τ −1

(5.18)

ℓh denote the trader’s expectations about the return of asset
where ρ̂ℓt and σ̂ρt

ℓ and its (co-)variance (with respect to asset h) at time t, and λ ∈ (0, 1)
is a parameter governing the decay of relative weights between recent and
remote observation of realized returns. The EWMA estimators above also
admit recursive definition:
ρ̂ℓt = (1 − λ) · ρ̂ℓt−1 + λ · ρℓt−1
ℓ,h
σ̂ρ,t

(5.19)
]
] [
2
ℓ,h
h
ℓ
ℓ
h
= (1 − λ) · σ̂ρ,t
(5.20)
−1 + λ · (1 − λ ) · ρt−1 − ρ̂t−1 · ρt−1 − ρ̂t−1
[

Applying the same mean-variance approximation employed in Chiarella
and He (2001) and Anufriev et al. (2012), the individual investment function
holds:
xtℓ = f ℓ (It ) =

[
]
1
· Ĉt−1 · Et −r f · 1
γ

(5.21)

1
where Et and Ĉ−
are, respectively, the vector of expected total returns
t
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and the inverse of the expected variance-covariance matrix, whose elements
read:
Eℓt = eℓ + d · ρ̂ℓt

(5.22)

ℓ,h
Ĉℓt ,h = σ̂ρ,t
+ σeℓ,h

(5.23)

The d coefficient, introduced by Chiarella and He (2001), characterizes the
relation of present investment choice to past market dynamics. This parameter distinguishes between different stylized types of trading behaviour: if
d = 0 the trader acts as a fundamentalist since his investment choice is unaffected by past return realizations; if d ̸= 0 the agents is a chartist, specifically a trend-chaser for d > 0 and a trend-contrarian for d < 0. Higher values
of past returns lead to riskier investment choices for trend followers and
to ‘safer’ investment choices for contrarians. Following Assumption 2 the
term σeℓ,h is null, as we assume i.i.d. dividend process, hence showing no
cross-correlation between different risky assets.

5.5 The economy with heterogeneous agents
Starting from the relations provided in the preceding subsections, we are
now able to derive the overall dynamics of an economy populated by N
heterogeneous trader, which is described by a [N (3L + 1) − 1]-dimensional
system of first-order difference equations: the first N · L equations are the
individual investment functions (5.21), whose arguments are the EWMA
estimates En,t and Cn,t of future price returns and their variance; these estimates, in turns, correspond to the second and third (N · L)-size sets of
equations. Last, there remain the equations describing the evolution of
individual wealth(-shares) according to (5.5), which count N − 1 as, by
definition, last-trader’s wealth-share can be computed complementarily, as
φ N,t = 1 − ∑nN=−11 φn,t . Rather than employing analytical methods to study
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this high dimensional dynamical system (refer to Anufriev et al. (2006) for
a deterministic skeleton analysis of the system for L = 1 and to Anufriev
et al., 2012 for a procedurally rational equilibrium analysis of the system for
L > 1), we perform, in the next Section, an agent-based numerical simulation, in order to account for the step-by-step evolution of the relevant dynamics.
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6 Simulation and results
Starting from the financial HAM sketched in the previous Section, we
are now able to perform numerical simulations3 under different scenarios.
Here we investigate the case for L = 1, that is, with only one risky asset
(that can be nevertheless intended as an index of risky assets itself) and we
focus on the dynamics of its price (remember the bond acts as numèraire),
the evolution of relative wealth-shares of the traders, and the overall riskiness of the market portfolio. The choice of initial conditions is deliberately
arbitrary and these need no calibration on any specific financial dataset, as
our simulation is not intended to exactly fit any existing time series. We are
able to show two distinct results: the first one, in Section 6.1, concerns the
selection mechanism the market operates, and is able, to a good extent, to
replicate the findings of Anufriev et al. (2006) about the asymptotic dominance of different trading strategies; the second, in Section 6.2, focusses on
the rich and anything but linear transitional dynamics of the price series in
its adjustment towards the equilibrium.

6.1 Market selection and survival patterns
The first simulation we carry out focusses on the evolution of individual
wealth-shares φn,t in order to study the way market selection occurs among
different trading strategies. We sketch the following:

Definition 1. A trader n is said to “survive” the economy if his long-run wealthshare is significantly different from 0, i.e. if limt→∞ φn,t > 0. A trader n is said
to “dominate” the economy if his long-run wealth-share is significantly close to 1,
i.e. if limt→∞ φn,t = 1.
3 Algorithms are coded in Java™

and implemented with openJDK v. 7u60; random number
generation relies upon colt libraries v. 1.2.0.
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Description
Initial population size
Number of risky assets
Static population
Riskless rate of return
γ distribution
λ distribution
d distribution
Initial wealth endowment
Yield mean
Yield variance
Yield realisation distribution
Initial risky asset price level
xnℓ admissible interval

Value
N = 200
L=1
true
r f = 0.02
γn ∼ U (1.0, 1000.0)
λn = 0.1, ∀n ∈ N
dn = 1.0, ∀n ∈ N
Wn,0 = 50.0, ∀n ∈ N
e = 0.04
σe2 = 1.0e-4
et ∼ N (e, σe2 )
p0 = 0.1
xn,t ∈ [0.01, 0.99], ∀n ∈ N , ∀t

Table 1: Parameters and initial conditions
Anufriev et al. (2006) show that, under Assumption 1, two types of equilibria are possible: one featuring a single survivor (who therefore dominates
the economy), and one with multiple survivors. Strictly speaking, the first
one can be considered as a particular case of the second. Studying the stability conditions for a generic single-survivor equilibrium, they are also able
to show that, in those equilibria where the condition r ∗ > −e is satisfied,
i.e. where the overall wealth of the economy grows, the survivor must be
the most ‘aggressive’ trader, say, the one who, among the others, invests the
highest share of wealth xn,t in the risky security (or, equivalently, the lowest share of wealth x0n,t in the bond). Our first simulation is devoted to the
validation of this result. Initialisation parameters are listed in Table 1 (index

ℓ is dropped for notational convenience). We keep a steady population of
200 traders which differ one to each other in their risk aversion coefficient
γ. Memory decay factor λ of expectation formation and overall sensibility
coefficient d to the EWMA estimates are kept constant across the population
in order to focus on the role of differences in the magnitude of risk aversion.
If both λn = λ and dn = d, ∀n ∈ N , there is a monotone relation between
the risk aversion coefficient and the riskiness of the optimal solution of the
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UMP: cœteris paribus, the lower γn the higher xn,t (see eq. 5.21). It is important to notice here that at the beginning of the run, wealth is evenly (uniformly) distributed among all traders, so that whatever inequality may arise
as trading takes place must be induced only by differences in behavioural
attitudes, as no trader starts trading with any relative advantage in terms
of purchasing power. At time t = 0 each trader faces the market holding a
riskless portfolio worth Wn,0 , entirely consisting of bond shares. The risky
security is exogenously priced p0 , and carries no information on past prices
and dividend (in other words, the first iteration can be regarded as an IPO).
Figure 1 shows the evolution of the individual wealth-share for the trader
featuring the lowest value of γ, in two typical runs. As suggested, with time
going by, the least-risk-averse trader tends to increase his own wealth more
than any other, and eventually the whole aggregate wealth will concentrate in his hands, making him a lone survivor, necessarily dominating the
economy. Even without a clear-cut definition of time horizon, it is straightforward to notice that the adjustment mechanism needs not be monotone
in the short run, where other traders (who will not survive at the equilibrium) may locally perform better; long run graph (or its moving average)
nonetheless looks roughly monotone. Although the speed of adjustment
may vary for purely stochastic reasons, e.g. it takes about 50% longer for
the trader to dominate the economy for a given confidence level (0.001) in
the second run with respect to the first (circa 1,500 vs. 1,000 iterations), it is
highly influenced by the width of the support parameter γn is drawn from.
Figure 2 shows the same type of graph as before, but for a narrower interval of coefficient γ support. With respect to Table 1, the only difference here
is that γn ∼ U (100.0, 1000.0). It is immediate to notice that it now takes a
considerably larger amount of time (circa 19,000 iterations) for the ‘lucky’
trader to wipe all the other agents out of the economy, at the same confidence level. A direct consequence of the dominance condition sketched
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Figure 1: Evolution of the wealth-share for the least-risk-averse trader.
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Figure 2: Evolution of the wealth-share for the least-risk-averse trader.
Narrower γ support: γn ∼ U (100.0, 1000.0)

above is that, in order to have a multiple-survivor equilibrium, all investment shares xn,t for those n’s belonging to the survivors’ subset of N have
to be identical one to each other. This implies that an economy composed of
N heterogeneous traders with randomly defined investment functions (e.g.
with at least one parameter appearing, directly or indirectly, in the investment function (5.21) drawn from a continuous non-degenerate distribution)
has probability zero of displaying an equilibrium with more than one survivor. We are able to show that it is still possible to obtain equilibria with
multiple survivors if we model the short-selling restriction, see condition
(5.11), by introducing a lower and an upper bound on the values the investment function can take, thus truncating all values below (above) the lower
bound (the upper bound) and setting them equal to the associated bound.
ℓ ∈ [10−k , 1 − 10−k ], ∀ n ∈ N , ∀ t,
If, for instance, we impose the condition xn,t

and k > 0, trivially, if there are two traders willing to short-sell (leveragebuy) the risky asset, given their expectations, they will end up with the
ℓ = 10−k (respectively, x ℓ = 1 − 10−k ).
same (sub-)optimal investment xn,t
n,t
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Description
Initial population size
Number of risky assets
Static population
Riskless rate of return
γ distribution
λ distribution
d distribution
Initial wealth endowment
Yield mean
Yield variance
Yield realisation distribution
Initial risky asset price level
xnℓ admissible interval

Value
N = 200
L=1
true
r f = 0.02
γn ∼ U (1.0, 1000.0)
λn = 0.01, ∀n ∈ N
dn = 1.0, ∀n ∈ N
Wn,0 = 50.0, ∀n ∈ N
e = 0.04
σe2 = 1.0e-4
et ∼ N (e, σe2 )
p0 = 0.1
xn,t ∈ [0.01, 0.99], ∀n ∈ N , ∀t

Table 2: Parameters and initial conditions
This assumption, for k = 2, was already present in the previous simulation, but it was not binding as the λ coefficient was high enough to require
a larger amount of time for the equilibrium to be eventually reached than
the wealth-driven selection mechanism to operate. Anufriev et al. (2006)
provide a complete analysis of the deterministic skeleton steady-states of
the system and their stability characterisation; here is sufficient to have in
mind that, cœteris paribus, the equilibrium stability domain decreases with
the value of the survivor’s λ, and there exists a threshold beyond which
stability is lost and neither wealth-shares, nor price, converge to a unique
value. In the next simulation we propose (see Table 2 for initial conditions),
we still keep parameter λ constant across the population, but we reduce
its value from 0.1 to 0.01.

This change makes traders revise their expec-

tations much slower, and the magnitude of sudden price swings is much
less perceived. At the time equilibrium is reached, aggregate wealth is less
concentrated than before, with more than one survivor now featuring significantly positive wealth-shares. Figures 3 and 4 show the evolution of the
wealth-shares for the traders with the lowest, second-lowest, and highest
γn , respectively corresponding to the highest, second-highest, and lowest
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Figure 3: Multiple-survivor equilibrium. Evolution of wealth-shares.
A typical run.
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Figure 4: Multiple-survivor equilibrium. Evolution of wealth-shares.
Another typical run.
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equilibrium wealth-share φ∗n , in two distinct runs. Plots (a) and (b) of each
figure are almost superimposable but for an homothetic expansion, as the
only difference lies in the overall riskiness of individual portfolios, driven
by the risk-aversion coefficient only. Plot (c) is likewise interesting, as it
shows that high-risk-averse investment functions may locally outperform
low-risk-averse ones: indeed, it is immediate to notice that the timing of
sharp increases in the highest-γn trader’s wealth-share corresponds to that
of sharp decreases for low-γn traders’. This result was also present in previous simulations (e.g. see again Figure 1), although it is much more evident
here.

6.2 Transitional dynamics and emerging cycles
Numerical simulation, as we said, proves crucially useful in keeping track
of the whole transitional dynamics of a system starting from whatever arbitrary initial conditions, and (possibly) settling into an equilibrium convergence path. In this section, we wish to analyse the evolution of the risky
asset price series in order to grasp the extent to which it is explainable on the
grounds of underlying fundamentals, i.e. the only exogenous component
driving traders’ expectations. Recall that, in our model, fundamentals are
proxied by the dividend yield process, which, following Assumption 2, we
assume roughly stationary and independent of price. We remove, for this
reason, the exogenous expansionary component in eq. (5.13), letting price
be uniquely determined by the evolution of the market portfolio. As usual,
we characterise the dynamics both in terms of the risk-aversion coefficient
γ and of the memory decay factor λ. Let us start with the initial conditions
listed in Table 3. There are 1,000 fully trend-chaser traders, heterogeneous
in their risk-aversion coefficient, evenly endowed with the same amount of
initial wealth W0 , and whose expectations updating factor is constant and
set to λ = 0.0036. Resulting price dynamics is plotted in Figure 5. Thank
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Description
Initial population size
Number of risky assets
Static population
Riskless rate of return
γ distribution
λ distribution
d distribution
Initial wealth endowment
Yield mean
Yield variance
Yield realisation distribution
Initial risky asset price level
xnℓ admissible interval

Value
N = 1, 000
L=1
true
r f = 0.02
γn ∼ U (1.0, 500.0)
λn = 0.0036, ∀n ∈ N
dn = 1.0, ∀n ∈ N
Wn,0 = 50.0, ∀n ∈ N
e = 0.04
σe2 = 1.0e-4
et ∼ N (e, σe2 )
p0 = 0.1
xn,t ∈ [0.01, 0.99], ∀n ∈ N , ∀t

Table 3: Parameters and initial conditions
to the remarkably low value of λ, the price adjusts very smoothly and in
a monotonic path towards its equilibrium value p∗ = 15.48. The particular chosen value of λ is actually a threshold: it is possible to show that for
λ < 0.0036 the qualitative behaviour of price dynamics is closely similar
to Figure 5, although the equilibrium price may vary. In particular, in the
interval (0, 0.0036] a monotonic relation between the memory decay factor
and equilibrium price holds: the lower λ, the lower p∗ , with, asymptotically, p∗ → p0 as λ → 0. By very slightly extending, cœteris paribus, the
memory of the traders to λ = 0.00365 the adjustment path is drastically
rearranged, monotonicity is broken, and equilibrium price is significantly
shifted upwards. Figure 6 plots the new dynamics. Up to (circa) iteration
1,500, the figure proceeds identically to Figure 5, but for the speed of adjustment which is indiscernibly greater than before, thank to the increase in λ.
Such increase in the speed, however, prompts one or more high-risk-averse
trader, who have not yet been completely ruled out by market selection, to
sell, as the increase in the expected return variance is not completely offset
by the increase in the expected value of price return. In the long run, by the
way, low-risk-averse traders will increasingly dominate as showed in Sec-
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Figure 5: Price dynamics. Smooth convergence to equilibrium. p∗ = 15.48
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Figure 6: Price dynamics. Emergent fluctuation before equilibrium convergence. p∗ = 25.75
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Figure 7: Price dynamics. Wide fluctuations before equilibrium convergence. p∗ = 75.01

tion 6.1, and price grows up to the point selection is terminated. By further
increasing the value of λ, the resulting dynamics turns more complicated,
with multiple price swings which can be regarded as bubble-and-bust cycles, up to a point stability is lost, as previously hinted at, and the price
fluctuates indefinitely in a limit-cycle-like motion, with no convergence to
an equilibrium value. This second threshold, in our experiment, is found
to be approximately λ ≈ 0.16, leaving a large room, within the theoretical
support of the parameter, in which a clear-cut wealth-driven selection does
not occur: as previously recognised, such selection mechanism is strongly
subordinated to system stability, thus to the value of the trend extrapolation
rate. Figures 7 and 8 show the price dynamics for λ = 0.155 and λ = 0.16,
respectively, other parameters being those of Table 3. With a finite population, the exact thresholds of the parameter λ denoting the lost of monotonicity in convergence first, and overall stability after, are sensible to the
way traders are initialised, that is, to the specific values of γn drawn from
the associate distribution. Nevertheless, after performing several distinct
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Figure 8: Price dynamics. No equilibrium convergence.

runs, we found thresholds move away very slightly from the values outlined
above. Turning now the focus on the effect of the risk-aversion coefficient on
the price dynamics, we start by shrinking its support to γn ∼ U (1.0, 100.0).
Arguably, the average population risk-aversion is lower, pushing equilibrium price upwards to a value higher than before. Figure 9 shows such result, for λ = 0.0036 (which, in the new parameter set, is still lower than the
first λ threshold), thus ensuring comparability with Figure 5. As expected,
equilibrium price now reads p∗ = 16.13. Another consequence of the lower
population average risk-aversion is a rightward shift of the threshold where
monotonicity is lost, which now holds λ ≈ 0.008. Similarly, λ values above
that threshold trigger price fluctuations which are now sharper than previously observed: an example is provided in Figure 10, which shows the price
dynamics for λ = 0.01. Notably, a seemingly small variation (∆λ = 0.0064)
of the parameter brings a 20-fold increase in equilibrium price, which now
reads p∗ = 329.35. On the other hand, following stability analysis by
Anufriev et al. (2006), the second threshold is shifted leftwards, as overall
riskier investing tends to destabilise the market, for a given value of λ. Val-
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Figure 10: Price dynamics with narrower γ support. Convergence with
sharp fluctuations. p∗ = 329.35
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ues beyond this second threshold yield a plot similar to Figure 8. Another
emergent property we encountered in the lower-overall-γ case is that, if we
introduce a second heterogeneity feature, letting λ vary across the population along with γ, a similar non-convergent dynamics is obtained, even
though the support of λ lies within the stability threshold. An example is
given by the case for λn ∼ U (0.01, 0.1), when γn ∼ U (1.0, 100.0) (recall that
for λn = 0.01, ∀n ∈ N equilibrium price reads p∗ = 329.35, while it is
possible to show that for λn = 0.1, ∀n ∈ N equilibrium price exists and
equals p∗ = 959.91). This is not the case, instead if γn ∼ U (1.0, 500.0), for
which convergence still applies. This finding suggests that, if, on average,
the population risk-aversion is low enough, heterogeneity in λ, i.e. in the
extent to which different traders adapt to new information, may act as a
destabilising force itself. On the other hand, however, it is possible to show
that the case for γn ∼ U (1.0, 100.0) is not intrinsically more fragile than the
one for γn ∼ U (1.0, 500.0). We investigate this point, back to the case with
homogeneous λ, by introducing a random repeated shock hitting traders’
investment functions: such micro-failure makes, every τ periods, a randomly
selected trader sell his entire risky portfolio, irrespectively of his expectations about future price return. Basically, at the time the failure strikes, and
for that time step only, the investment strategy of the selected trader n is
forced to xn,t = 0, implying he will lend all his wealth by means of the
bond4 . We believe such a failure can be regarded as a reasonable and likely
feature of human behaviour, e.g. proxying the sudden fear of a market
crash, or, speaking about financial bubbles, the belief of being the so-called
greatest fool. Figure 11 shows the price dynamics for the same parameters of
Table 3 except γn ∼ U (1.0, 100.0), and with failure striking every τ = 15
periods. During the first 1,500 iterations, the plot is largely comparable to
the one in Figure 9, and the failure has a negligible effect, since aggregate
4 Notice

also that, as long as just one or a few traders are concerned, sufficient condition
(5.11) may not be satisfied, but results of Proposition 1 hold anyway.
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Figure 11: Price dynamics with micro-failure striking every τ = 15 periods.
Risk-aversion coefficient γn ∼ U (1.0, 100.0).

wealth is initially evenly distributed, and market selection takes some time
to operate. Gradually, with increasing wealth concentration, the influence
of the failure on prevailing price becomes relevant, and the magnitude of
its effect strictly depends on the actual wealth-share of the selected trader.
The plot preserves an overall monotonicity, but the price fails to converge
to an equilibrium, and keeps fluctuating noisily and indefinitely around a
constant value, highlighting the fact that wealth-driven selection is eventually overwhelmed by the shock and fails to operate from a certain period afterwards. Applying the very same behavioural shock to the case for
γn ∼ U (1.0, 500.0) and other parameters equal, yields a significantly different transient: see Figure 12. Up to circa iteration 1,500 the reasoning holds
as usual; then, as soon as an enough powerful trader (in terms of wealthshare) is hit by the failure, the sudden (although limited) plunge in the price
prompts the most risk-averse traders (who are now more averse than before) to sell the security during subsequent iterations, whose dropping price
will in turns push other traders towards safer positions, eventually trigger-
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Figure 12: Price dynamics with micro-failure striking every τ = 15 periods.
Risk-aversion coefficient γn ∼ U (1.0, 500.0).

ing a ‘selling spree’, in which the price eventually spirals downwards up to
the point expected variance is low enough to convince investors of taking
riskier positions. The cycle then repeats itself as long as the failure keeps
striking. It is out of the scope of this paper to provide a precise estimate
of the various thresholds involved. It is of crucial interest, instead, showing that the emergent properties observed, i.e. the bubble-and-bust cycles
shown in Figures 6, 7 and 10, preserve robustness with respect to the introduction of fundamentalist and trend-contrarian traders in the economy.
On the one hand, the presence of fundamentalists is expected to stabilise
the price of an asset, as they act against chartists whenever current price
deviates from its fundamental value. On the other hand, trend-contrarians
shall offset the attempt made by trend-chasers to exacerbate the price trend,
by acting in a symmetrical manner with respect to these latter. Following
Chiarella and He (2001), we exploit the d parameter in eq. (5.22) to differentiate the agents with respect to their trading approach. Parameters and
initial conditions are listed in Table 4. In particular, we assume dn to be nor-
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Description
Initial population size
Number of risky assets
Static population
Riskless rate of return
γ distribution
λ distribution
d distribution
Initial wealth endowment
Yield mean
Yield variance
Yield realisation distribution
Initial risky asset price level
xnℓ admissible interval

Value
N = 1, 000
L=1
true
r f = 0.02
γn ∼ U (1.0, 500.0)
λn = 0.05, ∀n ∈ N
dn ∼ N (0, 1)
Wn,0 = 50.0, ∀n ∈ N
e = 0.04
σe2 = 1.0e-4
et ∼ N (e, σe2 )
p0 = 0.1
xn,t ∈ [0.01, 0.99], ∀n ∈ N , ∀t

Table 4: Parameters and initial conditions
mally distributed, meaning that most of traders are quasi-fundamentalists,
as probability density is concentrated around the (zero) mean value, and
that chartists are well balanced between trend-chasers and contrarians, as
the density is symmetric around the mean. If the memory of the traders
is short enough, the result is pretty similar to the trend-chasers-only case:
compare Figure 13, simulated for λ = 0.05, with Figures 5 and 9, and notice also that the presence of fundamentalists let monotonicity be preserved
for a larger-than-before extrapolation rate. By increasing the value of λ, as
previously obtained, price dynamics suffers large swings before settling towards an equilibrium, even though fluctuations have a different shape and
look less sharp: see Figure 14, simulated for λ = 0.1. Setting different support for the risk-aversion coefficient yields results similar to the constant
d = 1.0 case, with a negative relation between the population average riskaversion and equilibrium price: see e.g. Figure 15, obtained for λ = 0.1
and γn ∼ U (1.0, 1000.0), featuring a lower equilibrium price than in Figure
14. Notice also that, with heterogeneity applying to both γ and d, the exact
value of equilibrium price may be influenced, especially when dealing with
small populations, by the random process initialising traders’ behavioural
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Figure 13: Price dynamics. Fundamentalists vs. chartists. λ = 0.05
Smooth convergence towards equilibrium. p∗ = 10.36
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Figure 14: Price dynamics. Fundamentalists vs. chartists. λ = 0.1
Convergence with fluctuations. p∗ = 34.86
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Figure 15: Price dynamics. Fundamentalists vs. chartists. Larger γ support.
λ = 0.1 Convergence with fluctuations. p∗ = 5.47

parameters: for instance, it can happen that a trader featuring a quite low
risk-aversion coefficient also has a d very close to zero, or that a strong trendchaser might be, at the same time, very risk-averse. By the way, as long as
we are interested in the evolution of transitional dynamics, rather than the
specific final price, simulations with both chartists and fundamentalists do
nothing else than add robustness to the previous findings concerning the
decoupling of the price dynamics from the dividend yield process we obtained in the all-trend-chasers case.

51

7 Concluding remarks and further research
We study an asset pricing model where adapting heterogeneous traders
take portfolio decisions as smooth function of their Exponentially Weighted
Moving Average estimates of future asset return and variance. Expectations
are based uniquely on past market history and on the risky asset dividend
yield, which we intend as a proxy for fundamentals. The assumptions we
impose include the yield process being governed by a stationary distribution, and short-selling restriction on investment. Time is discrete, and at the
end of each period market clearing price is announced by a fictional walrasian auctioneer. Traders are mean-variance myopic optimisers and have
CRRA attitude, implying that their invested shares of wealth do not depend
on their wealth level, or equivalently, that individual demand functions are
proportional to individual wealth. We set up a numerical simulation of the
system, featuring one risky and one riskless asset, and an arbitrarily large
population of traders who differ in their relative risk-aversion coefficient,
their memory decay factor in the EWMA estimators, and their trading strategy, i.e. they can act as fundamentalists or chartists (either trend-chasers
or contrarians). While we mainly focus on theoretical aspects and seek no
particular fit into actually observed financial time-series, our results are intended as a contribution to the growing literature on artificial agent-based
stock markets. By analysing the evolution of individual wealth-shares, we
are able to replicate some of the findings already present in previous literature concerning the asymptotic dominance of different investment functions. In particular we show that, in a all-chartist framework, either singleand multiple-survivor equilibria are possible, largely depending on the parameter regulating traders’ memory: in particular, when traders present
long backward-looking horizon in forming expectations, a strong wealthdriven selection mechanism applies, and only the most-aggressive (e.g. the
least-risk-averse) trader asymptotically survives and therefore dominates
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the economy. Reducing such horizon makes the selection process operate only partially, and more than one trader eventually survives. When,
instead, traders take into account only a few last observations, the system
loses stability and there is no convergence to an equilibrium outcome. Coherently, shifting the focus on the price dynamics, we show that, if traders’
memory is homogeneous across the population and is long enough, the
price of the risky security smoothly adjusts and monotonously converge
to an equilibrium value, irrespectively of the heterogeneity in risk-aversion
(captured by the width of the associated coefficient distribution support).
Reducing the memory beyond a certain threshold, but still assuming values which we repute rather reasonable for a technical analyst attempting to
extrapolate the historical trend, brings a dramatic change in the overall dynamics, triggering the emergence of one or more bubble-and-bust-like cycles before the system settles into an equilibrium convergence path. A similar rich dynamics is also obtained in the longer-memory framework in two
different experiments: i) by introducing memory heterogeneity among the
traders, if average population risk-aversion is sufficiently low; ii) by introducing a micro-failure, repeatedly (even loosely) hitting traders’ investment
decisions, if risk-aversion coefficient distribution support is wide enough;
in this case, however, the equilibrium is not reached as long as the shock
keeps striking. These experiments make us conclude that both heterogeneity in risk-aversion, and low overall risk-aversion may singularly produce a
destabilising effect. As before, with exceedingly naïve expectations, stability is lost and the price fluctuates indefinitely in a limit-cycle-like motion.
Finally, we extend the experiment displaying bubble-and-bust transitional
dynamics, by adopting a different population, largely composed by quasifundamentalists and well balanced crowds of trend-chasers and contrarians. In spite of the existence of fundamentalists and contrarians, who are
generally expected to counteract the aggressiveness of trend-chasers, the
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emergence of booms and crashes is validated, though fluctuations may exhibit different shape or amplitude, adding further robustness to our findings.
To sum up, our model is able to show that, for all-but-unreasonable values
of traders’ memory, short-selling restriction and risk-aversion heterogeneity are sufficient conditions to trigger a sharp decoupling of the price dynamics from the fundamental process, driven by a market selection mechanism that rewards the least-risk-averse traders and pushes the system towards higher than fundamental equilibria. During transition, a very rich
dynamics is obtained without further assumptions, with emergent bubbleand-bust cycles arising uniquely from the market interaction of the traders
involved. On the other hand, our model is not able to replicate the whole
ensemble of stylised facts observable in real financial markets.
Our framework can be further extended in a number of directions. A
straightforward improvement is to distinctly account for multiple (instead
of just one, or an index of) risky assets. This allows to study the crosscorrelation structure of different assets returns and to investigate the conditions prompting the emergence of excess covariance. Perhaps more interestingly, the model can be enriched by implementing more realistic methods in
decision-making, such as those prescribed by prospect theory (see Kahneman
and Tversky, 1979), rule-based techniques, articulated learning processes
(e.g. through classifier systems or genetic algorithms), and herd behaviour.
Our guess is that a sharper departure from rationality assumptions and, relatedly, a more structured modelling of agents’ behaviour are required in
order to obtain dynamics that are closer to reality.
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Appendix A
Proof of Proposition 1. Once the individual wealth evolution is defined in
equation (5.5), aggregate wealth holds:
[
Wt = Wt−1 · x0t−1 · (1 + r f ) +

(

L

ℓ
∑ xn,t
−1 ·

ℓ=1

pℓt
+ etℓ
ℓ
p t −1

)]
(A.1)

Substituting (A.1) into pricing equation (5.10) yields
[
)]
(
L
ℓ
xtℓ
pℓt
xtℓ · Wt
p
ℓ
t
= ℓ · xt0−1 · (1 + r f ) + ∑ xn,t
= ℓ
+ etℓ
−1 ·
ℓ
ℓ
p t −1
xt−1 · Wt−1
x t −1
p t −1
ℓ=1
(A.2)
where asset prices still appear in both LHS and RHS. If we multiply both
sides by xtℓ−1 and sum over ℓ, we get
L

∑ xtℓ−1 ·

ℓ=1

pℓt
pℓt−1

[

L

=

∑ xtℓ ·

ℓ=1

x0t−1 · (1 + r f ) +

(

L

ℓ
∑ xn,t
−1 ·

ℓ=1

pℓt
pℓt−1

)]

+ etℓ

(A.3)

We are now able to compute the LHS in terms of known quantities:
L

∑ xtℓ−1 ·

ℓ=1

pℓt
pℓt−1

=

1 − xt0
x0t

[

· xt0−1 · (1 + r f ) +

L

ℓ
ℓ
∑ xn,t
−1 · e t

]
(A.4)

ℓ=1

Substituting (A.4) into (A.1) yields the implied evolution of aggregate
wealth
Wt = Wt−1 ·

L
ℓ
ℓ
xt0−1 · (1 + r f ) + ∑ℓ=
1 xn,t−1 · et

xt0

(A.5)

the knowledge of which, along with (5.10) yields the equilibrium prevailing
price:
pℓt

=

pℓt−1

L
0
ℓ
ℓ
xtℓ xt−1 · (1 + r f ) + ∑ℓ=1 xn,t−1 · et
· ℓ ·
xt0
x t −1
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(A.6)

The LHS is clearly strictly positive if
xtℓ > 0

∀ℓ = 0, . . . , L, ∀t

(A.7)

or, equivalently, if
ℓ
xn,t
∈ (0, 1)

∀n = 0, . . . , N, ∀ℓ = 0, . . . , L, ∀t
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(A.8)

